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Advanced Pogo Stability Analysis for Liquid Rockets

Bohdan W. Oppenheim* and Sheldon Rubint
The Aerospace Corporation, El Segundo, California 90245

An advanced modeling method for determining engine-coupled Pogo oscillation modes, with general appli-
cability to any liquid rocket vehicle, is presented: The modes result from interaction of structural vibrations with
pressure and flow oscillations in the liquid propulsion system. A time-invariant lmeanzed mathematical model
of the system is developed for a selected flight time. Perturbations of the propulsmn systein are modeled using
finite element representations for its physical elements (such as flow duct, pump, accumulator, and thrust
chamber), each of which undergoes structural motion described in terms of the vibration modes of the overall
vehicle. The structural modes, developed in a separate analysis, are determined with the fluids frozen in place
in the feedlines and engines and involve motions of the propulsion elements. The system equations are written
in a homogeneous second-order matrix form in the Laplace domain, yielding coefficient matrices that are all
complex, unsymmetric, and singular. The major advances are 1) rigorous treatment of arbltrary translational
motions of the vessels through which the fluids flow, including all forces (pressure area, inertial, and momen-
tuin) that react on the structural system, and 2) a powerful numerical eigensolver that yields eigenvalues and
eigenvectors directly, without requiring elimination of dependent fluid state variables (pressure and flows).

Nomenclature D, Ps = static pressure perturbation, steady pressure,
A, A, = cross-sectional area, nozzle throat area, L2 FL—2
[4] = state matrix in eigenvalue problem Gn = modal displacement of nth structural mode, L
a, a* = acoiistic speed in a flexible, rigid duct, LT ! R, R; = liriearized resistance for flow perturbation,
[B] = system damping matrix TL-2, steady flow resistance; F~'L~2T2?
= compliance (propellant weight change within a R Ry = linearized combustion resistance for oxidizer,
dontainer per unit pressure change), L2 fuel flow perturbation, TL~2
Cr = thrust coefficient, — F = structural displacement vector, L
C* = characteristic velocity, LT ! s, § = Laplace variable or complex frequency ¢ + i,
D = diameter of a duct, L ‘ eigenvalue of system eigenmode, T~
E = Young’s modulus of duct wall material, FL 2 t = duct wall thickness, L, or time, T
F = force vector, F Ug U = absolute, relative displacement perturbation of
g = standard gravitational acceleration, LT 2 fluid in flow direction, L
H = head vector from inlet to outlet node of an v, Vs = volume perturbation; mean volume, L3
élement (directional components are H,, H,, {v} = eigenvector of system eigenmode
and H,), L w, W, = weight displacement perturbation, steady
I = inertance, L.~2T2 weight displacement, F
i = imaginary unit (—1)* {r] = state vector in first-order state equation
K = stiffness given by 1/C, L~2 o = mass flow gain factor for a pump, T
[K] = system stiffness matrix Bn = modal pressure at a tank outlet in the nth
4L "= position coordinate along a duct, length along . structural mode, FL~3T?
a duct, L $m § = fraction of critical damping of nth structural
M] = $ystem mass matrix - : mode, system eigenmode, —
M, = modal mass of nth structural mode, M 7 = parameter set to zero to decouple structure,
MR = mixture ratio; — oxidizer, and fuel systems from each other;
m = mass, M otherwise n =1
m = momentum véctor, MLT ! 0 = phase shift of the structural modes, —
m+1 = pump dynamic gain, — 05 P = mass density, ML 3, weight density, FL~3
N¢, Ny, . : g, G = real part of complex frequency, system
Ny N5 = number of thrust chambers, structural modes, eigenvalue, T-!
propulsion system nodes, and state variables o = combustion time lag, T
N; = unit vector in flow direction at node i b = vector of modal displacement in nth structural
[P] = matrix coefficient of state velocity vector in mode for ith propulsion element (elements
first-order state equation’ _ are Guixs Pniys Oniz)
Q, Q = imaginary part of complex frequency, system
N ; : v eigenfrequency, T—!
_ Units are denotqd by L for _length, F for force, M for mass, T for Wy = circular natural frequency of nth structural
time, and — for d1mens1onless. mode, T-!
: : @ = circular natural frequency of a system
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for publication Sept. 24, 1992. Copyright ©® 1992 by the American Subscripts -
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I. Introduction
Pogo Phenomenon

HE phenomenon of self-excited vibrations of liquid pro-
pellant rockets, nicknamed ‘‘Pogo’’ after the jumping
stick, has been widely recognized ever since its occurrence on
Thor/Agena and Titan II vehicles beginning in the 1960-1962
period. Engine-coupled Pogo is caused by a dynamic instabil-
ity arising from interaction of vehicle structural dynamics,

principally with thrust oscillation of the liquid propulsion -

system. (A rare form of Pogo, called ullage-coupled Pogo,!
which does not depend on coupling with thrust oscillation, is
not addressed in this paper.) In a classical occurrence, axial
periodic vibrations of the overall vehicle have been observed
to initiate spontaneously, grow slowly, and then gradually
disappear, as depicted in Fig. 1. The slowly changing steady-
state characteristics of the coupled Pogo system can give rise
to one or more periods of instability during a flight. Occur-
rences have been in the frequency range from 5 to 120 Hz, the
frequency closely matching that of the vehicle structural mode
principally involved, with peak vibration amplitudes (zero to
peak) reaching from a few tenths of a g to as high as 34 g, and
with a duration of the instability of up to 30 s.

The closed-loop process can be viewed as follows: random
pressure oscillations in the propulsion system (principally in
the thrust chamber) produce vibrations of the vehicle struc-
tural modes, which in turn cause pressure osciilations. Alter-
natively, random vibrations of the vehicle structure produce
oscillations in the fluid modes of the propulsion system, which
in turn cause structural vibrations principally via thrust. Nei-
ther the propulsion system nor the structural system are the
“‘cause’’; it is the system interaction that is at the root of the
process. Instability will occur during a period of flight when
the process is self-reinforcing, causing system vibrations to
diverge until nonlinearities produce a limit-cycle behavior.
Elimination of such instability has been typically achieved by
introducing a hydraulic accumulator device (often called a
Pogo suppressor) at one or more appropriate locations within
the propellant flow paths.! The accumulator causes separation
of the critical resonance frequencies of the structural and
propulsion systems and thus achieves the desired decoupling.

The Pogo phenomenon has been dealt with extensively.
Reference 1, a monograph on Pogo, recommends practices
and criteria for mathematical modeling, preflight testing, sta-
bility analysis, corrective devices or modifications, and flight
evaluation. It contains an extensive bibliography that is not
repeated here. An early treatment of Pogo modeling dealing
with purely axial vibrations of a vehicle was presented in Ref,
2. It also contains an approximate stability estimation tech-
nique to help guide computer studies. That modeling was used
to quantify the effectiveness of the accumulators that elimi-
nated Pogo from the Gemini launch vehicle, the first success-
ful demonstration of Pogo stabilization.

Analytical Approach

Pogo stability is analyzed at each of a series of flight times
using a time-invariant, linearized mathematical model of the
coupled system. The model yields the frequency, damping,
and mode shape of all modes of free oscillation of the coupled
system. Time-invariant analysis is justified by the relative
slowness of the changes in system dynamic characteristics,
occurring due to propellant depletion and changes in engine
operating conditions. A series of analyses can be performed to
investigate the effect of parametric variation (such as degree
of pump cavitation or time of flight) and a root-locus diagram
generated.

The stability modeling is divided into three tasks. The first
involves the modeling and computation of the three-dimen-
sional structural modes of vibration of the overall vehicle, for
the various times of flight for which Pogo stability analysis is
to be performed. Two constraints are imposed: 1) the main
propellant tanks of the vehicle are hydroelastically modeled
with the tanks closed at each outlet, and 2) each propulsion

Envelope of
Pogo Vibration d

\ Trajectory Acceleration

Fig.1 Typical occurrence of Pogo vibration.

element (ducting and engine components) is modeled-as if its
contained propellant is frozen in place. Each resulting struc-
tural mode shape provides the translational motions of the
propulsion elements, as well as the pressure per unit modal
acceleration at each outlet from a main propellant tank.
Modes are then selected for input to the Pogo model described
in the remainder of this paper.

The second task involves the modeling of the propulsion
system using the elements described in Sec. II, which charac-
terize flow and combustion dynamics in the presence of arbi-
trary structural translations. The elemient modeling is imple-
mented using the finite element technique. The propulsion
system model of any liquid rocket is easily assembled from
building blocks representing various hardware elements, in-
cluding a tank outlet, compreSS1ble and incompressible ducts,
pump, bellows, junction, accumulator, and thrust chamber.
Section II describes the modeling of these elements. Section I11
presents a rigorous treatment of the propulsion system forces
acting on the vehicle structural modes, including pressure-area
forces, change-of-momentum forces, and inertial forces ap-
propriate to the frozen fluid constraint on the structural
modes.

The final task is to calculate the complex eigensolutions for
the coupled structure/propulsion systéem to yield frequency
and damping of the system modes and their associated com-
plex mode shapes.

The latter two tasks have been 1mplemented as a general-
purpose computer program. The input includes the structural
modes and assemblage of the propulsion system elements. The
tabulated and graphical output of system modes includes a
complete set of state variables (pressures, flows, and structural
mode displacements). Section IV describes a powerful eigen-
solver which permits the solution of the system equations
assembled into a second-order matrix set having singular coef-
ficient matrices. The solution is in direct contrast to previous
practice at The Aerospace Corporation that required hand
manipulation to eliminate variables to ‘achieve an invertible
system mass matrix.

A typical Pogo analysis requires that a series of parametric
variations in the system model be examined. The program is
conducive to implementation of the variatipns as a sequence
of cases and to review of graphical displays of system roots
and mode shapes for each case, as well as the locus of selected
roots for the variations analyzed. '

Major Advances

The present finite element type of modeling approach is
somewhat similar to that of Ref. 3, which was developed as a
general-purpose Pogo computer program offering a signifi-
cant degree of automation. The computer program developed
using the model described here has more powerful elements
for building the propulsion system model including arbitrarily
oriented translational motions of the fluid vessels, a rigorous
treatment of the flow-induced forces acting on the structure,
and a capability to implement a phase shift stability criterion.
The program described in Ref. 3 provides only system eigen-



362 OPPENHEIM AND RUBIN: POGO STABILITY ANALYSIS

values (roots) and open-loop complex eigenvectors (mode

shapes), whereas the work described here provides the roots
and associated mode shapes (closed loop) important for gaining
‘insight into system behavior, as well as enabling quantitative
correlation with the relative amplitude and phase relationships
of pressures and accelerations experimentally determined
from flight and ground test data.

‘ II. Propulsion System
Model Elements

The dynamic behavior of perturbations of the propulsion
system is modeled by assembly of eight types of elements.
These are an incompressible duct, a compressible duct, a flow
junction, a bellows, an accumulator, a tank outlet, a pump,
and a thrust chamber. Each element has from one to three
nodes for interconnection to other elements. Table 1 summa-
rizes the element characteristics in the Laplace domain, includ-
ing the forces generated by the element to excite the structural
modes of the system as described in Sec. III. The propulsion
system model is assembled by connecting elements node to
node. The node numbering is arbitrary, subject only to a
requirement that at each element connection a common node
is shared.

Each element type is characterized by a set of linear equa-
tions of no higher than second order in time derivative. The
equations constitute relationships among the state variables

. that include perturbational static pressures p (as opposed to
total pressures) and corresponding fluid (propellant) relative
weight displacements w at the nodes, and also the generalized
absolute displacements of the structural modes g. As will be
described, required input properties of the fluid are inertance
(sometimes called inductance; see Ref. 4), linearized resis-
tance, and volumetric stiffness, as well as geometrical and
certain special parameters regarding pump and combustion
behavior. The following sections provide the basis for the
description of each element in the time domain.

Incompressible Duct
Straight Uniform Duct

As a preliminary to dealing with a general duct geometry,
we treat the difference in static pressure along the one-dimen-
sional flow of an incompressible fluid in a straight, uniform
area, rigid, moving duct of length L and flow area A (Fig. 2):

pi—pi=Rw+ Iw, 1)

where p; and p; are the upstream and downstream pressures,
respectively, w is the weight flow of the fluid relative to the
duct wall, and w, is the absolute fluid weight acceleration in
the flow direction. [In fluid transient modeling there is com-
mon use of head (pressure divided by weight density) and
" volumetric flow as alternative variables to pressure and weight
flow (for example, Refs. 4 and 5). This has no impact on the
definition of the fluid properties of inertance, resistance, and
stiffness.] The term R is a linearization of the drop in mean
static pressure AP, that results from the mean turbulent flow
W

AP; = RW} @

where R, is a steady flow resistance that accounts for frictional
head loss. For a perturbation in relative flow w, there results
a perturbation in pressure drop given by

Ap = Rw B

where the linearized resistance R = 2AP,/ W, = 2R, W,

The term Iw, in Eq. (1) is an inertial term stemming from
~ the expression of Newton’s second law for the fluid column. If
i is the fluid particle absolute acceleration and p is the fluid

mass density, the expression of force equals mass times accel-

eration yields

AAp = (pALYii

But since by definition the absolute acceleration of the fluid
weight w, = p,Ai, where p,, = pg is the fluid weight density,

Ap = I, @

where I = L/Ag is termed the inertance of the fluid.

If the absolute vector acceleration of the duct wall is 7, and
N is the unit vector in the direction of flow, then the fluid
relative and absolute weight accelerations are related by

W =W, — pyAN - F ®

where the vector dot product N - 7 yields the duct wall acceler-
ation in the direction of flow. Combining Eq. (5) with Eq. (1)
yields an expression involving only the relative weight flow
and acceleration for the fluid:

p,-—-pj=RW+IW+pL1V-'I"‘ (6)

The rightmost term in Eq. (6) is the pressure difference due to
the acceleration head that would occur along the duct if the
fluid were frozen to the moving duct wall. The first two terms
on the right of Eq. (6) yield the pressure difference that would
occur due to flow perturbation if the duct were motionless.

Incompressible Element

The foregoing is now generalized to one-dimensional in-
compressible flow along a curved, nonuniform, rigid, moving
duct. (The terms in the equations appearing in Table 1 have
been organized into coefficients of powers of the Laplace
variable, corresponding to the formulation in Sec. III; also the
modal force Q,; that appears is derived in Sec. II1.) Compara-
ble to Eq. (1)

L

_ . de
i —p; =R+ j N - 3o ()
0

Ag

where again w is the fluid weight velocity relative to the wall
(independent of position £), and the dot product in the inte-
grand is the absolute fluid weight acceleration at position £in
the local flow direction. Corresponding to Eq. (5)

M

W =NE@) - e () — pwAONE) - 7 ®

T Duct acceleration

\I
>

7

Unit vector in flow 'dirécﬁon

W3 Absolute weight displacement in flow direction
w  Relative weight displacement

Fig.2 Incompressible fluid in a straight, rigid, uniform, moving
duct.
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Incompressible Duct ID)  Ni.pi wi. A

Ni, Py Wy, Ay

Special Case - Local Inertance and/or Resistance: H=Ni= Ni =0

wi-wj=0

s7[- Iw; - ‘%’Fi-'r] +s[-Bw] +p, ipj=0
Q= n{s[-§ Bw]
L[ N N

PuI\A Kj) “bow]

+AN;*o.p; - Ajﬁj -};npj}

Compressible Duct (D)

Special Case ~ Local Compliance: 1=R =0, H, = Fij =N,

Then p; - Kw;+ Kw; =0

pj-Kwi+Kwi=0
Q=0

Ni, pi, w;

52[%”" - Rggi,;] + s[-g wi] +p; - Kw; + Kw; = 0

sz[-é-“—’i + %ﬁj-f] + s[+gwi] +pj - Kw; + Kw; = 0
Q= n{sz[-%%nwi - Egm nwj]

e Y P
+ s[p—wgﬁx (N - N +5- 55 (N - Nyow]

+AN, b -A Nﬁn pl-}

=Nm Ni=

0

Junction (J)

pi'Pj=°
pi-Pc=0
Wi'wj“”k=o
Q=0

ni

Bellows (B)

Pj: W

Pi‘pj=0
Pw AN-(Fi - FJ-) W W= 0

Q=0

=nXbnan,

Note: Ali structural motions are developed from the structural modes:

9, measured at the element

The parameter n = 1, except 1 = 0 when decoupling of the structurat and individual propellant system is desired.

Table 1a Summary of elements

Equations (7) and (8) jointly yield the desired form for the
pressure drop, which is a generalization of Eq. (6),

pi—pi=Rw+IW+pI:I-'f‘ (9)

where the inertance I is given by

-

Lo

o A2

and the head vector H denotes the vector distance from the
inlet to outlet nodes (nodes geometrically positioned at the
- centers of the flow areas), where

L

|

Equation (9) is the basis for representation of an incom-
pressible duct element appearing at the beginning of Table 1,
along with the constraint that w; = w;. A special case of this

H=\ N()de
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Accumulator (A)

52[_ Iw, - ﬂ‘gﬁ-?]. + s[- Fiwi] +pi-Kw;=0

o= T 5]

+ AN D, - AiKNj-E,nwi}

Tank Qutlet (T)

)
l
| Tank
1

52[ lwi - ’l% ﬁnqn] + s[Rwi] +p,=0

B -
Q= n{sz[ﬁwi] - AN'¢npi}

Pump (P) R, pr, W

52[-ij- - ‘—'Jgﬁ-?] + s[- ij] +(m+1)p;-p;=0

s[Kuwi] - Kw; + Kwi +p=0
Q= n{sz[- %L‘T’nwj] + S['%s(% - NKJJ)’$n]

+ANSp; - A‘-N‘-°$npj}

Thrust Chamber (C) .

-2
m
m

i
i
2
k

Pi. Wi

At (Throat Area)

oxidizer injector orifices

fuel injector orifices

uncoupled chamber pressure nodes
chamber pressure node

Two propellant case (as shown):
52[- 'i‘”i] + s[— R;w;] +Pi-Pp-nPm=0
2 e . -

s [ iji] + s[- lej] +Pj- NPy -Pm= 0
s[‘c""l - Ry wi] +pp =0
s[rcpm - Rci wi] +py=0

Px-Pg Py =0
One propellant case (j,£, m not present):
52[- Iiwi] + s[- R,wi] +P,- P =0

s[‘cpk - Rciwi] +p=0

Qry = 'l{' AthNk'E'npk}

Both cases:

Structural Mode (M)

sZ[ann] + 5[2t»n“’nann] +MpoZq, - )'I Q=0

i is the index over all propulsion system elements

Table 1b Summary of elements

representation with A = 0 is a local resistance and inertance.
This could be used, for example, to model noncavitating flow
through an orifice, or through a group of orifices such as an
injector, or through a valve.

In a duct with nonuniform area, the steady flow resistance,
defined in Eq. (2), accounts for velocity head change as well as
frictional loss. The steady pressure drop can be written as the

sum of the two effects:
s <_1_ _1_>
2048 sz Ajz

AP = AP, (10

friction

where A; and A; are the inlet and outlet areas, respectively.
The relationships for the linearized resistance R, given after
Eq. (3), still apply. Note that if the duct is expanding in area
(that is, 4;>A;), the velocity head term will yield a pressure
rise (negative pressure drop). If this pressure rise exceeds the
frictional pressure drop, the result is a negative linearized
resistance.

Fluid Compliance

Consistent with use of weight displacement as the measure
of fluid motion, the term compliance (sometimes called capac-
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itance) describes the increase in the weight of fluid between
inlet and outlet of a container due to a pressure increase. Fluid
compressibility (for a liquid, expressed by the inverse of its
adiabatic bulk modulus), container elasticity, and presence of.
gas contribute to compliance. When the fluid region involved
is sufficiently small that the pressure perturbation p can be
taken to be uniform between nodes i and j, we can character-
ize the compliance C by

'C=wi—wj
b

or the fluid stiffness X, where K = 1/C, by

(11a)

I 4 =K(W,' - Wj) (llb)

For a uniform, circular duct containing a liquid and no gas,

the compliance is
1 D :
12
C =p,V, s[ B E t] 12)

where ¥ is the steady (mean) volume of liquid, and B is its
bulk modulus, the reciprocal of which is the fractional con-
traction of the liquid volume, — AV/V;, per unit pressure rise
Ap: .

1 AV/V

B~ ap 13

The quantity D/Et is the fractional volume increase per unit
pressure rise due to radial growth of a thin-walled circular
duct, assuming that associated axial length change is uncon-
strained. Empirical and theoretical expressions for volumetric
stiffness of various duct configurations can be found in Refs.
4 and 5.

It is also of interest to determine the speed of travel of
pressure or flow perturbations along the duct, called the
acoustic speed. In a rigid duct, the acoustic speed a* is given
by

a* = (B/p)*

whereas in a flexible duct the effective acoustic speed a is given

by
1 D% (gVs)* _ "
a={p[§ +EtB _<C> = (gV,K) 14)

It is also useful to express the stiffness K in terms of the
acoustic speed and the steady volume ¥, namely,

1 a2

K:—_
C gV

15

When the fluid involved is a gas, dynamic perturbations of
its volume are taken to behave adiabatically, namely,

(Ps + p)(Vs + v)Y = const (16)

where P,, V, and p, v are the steady and perturbational pres-
sure and volume, and v is the ratio of specific heats of the gas.
Retaining first-order perturbational terms,

Ke—="="+2 an

where p,, is the associated liquid propellant weight density,
required because of the definition of compliance and stiffness
in terms of the change in weight of propellant between nodes.
An equivalent bulk modulus for the gas B, is given by

owVs
C

B =2 yp, (18)

This B, is an appropriaté rep]écement for B in Egs. (12) and
(14) when the fluid is a gas. For example, the acoustic speed in
a gas having a density p is given by

123
(2

assummg that flexibility of the duct wall contributes negligi-
bly, as is the usual case.

Duct Element

The duct element defined here applies to a low-frequency,
one-dimensional representation of compressible flow in a
curved, uniform duct. It is patterned after the half-mass,
spring, half-mass finite element model for a uniform mechan-
ical system governed by the one-dimensional wave equation
(for example, axial vibration of a uniform rod). Such a duct
element is depicted in Table 1 with incompressible end por-
tions, each representing half the inertance and resistance of
the element, and with the centrally located stiffness represent-
ing the total volumetric stiffness of the element. An arbitrary
contour of the duct centerline is accommodated via indepen-
dent head vectors for each end. Allowing each half to have
nonuniform area, although easy to do, is inconsistent with the
symmetric character of the inertance-resistance properties and
is therefore not included as an option for the compressible
duct element. Situations that require compressible flow mod-
eling in nonuniform ducts (in an inertance and/or resistance
sense) should be given individual consideration and can be
modeled by an appropriate combination of incompressible
elements and local compliance elements.

Referring to Table 1 for the compressible duct element,
applying Eq. (9) to the two end portions and replacing the
midpoint pressure p,, using the stiffness relationship from Eq.
(11b) yields

I. R ' I
p,-—<§Wi+3Wi+KW,‘>+KWj“pri'7=O

I R @0
pj + <EWJ +5Wj +KW/'> —KW,' +pffj-'7" =0

Differencing and summing the pair of Eqgs. (20) yields another
form:

~

r.._ . R e
pi—pj= E(Wi + Wy + _Z'(Wi +w;) +p(H; + Hy) -1 (212)

I R S e
pitp= E(Wi - W)+ E(wi - W))+poH; —H))-r
+2K(w; — w,) 21b)

In this latter form the limiting case of a local fluid compliance
is clearly achieved by setting I, R, H;, and H; to 0. First, Eq.
(2la) yields p;—p;=0 and then Eq. (21b) yields
p; = K(w; — wj;), which produces the result in Eq. (11b). The
form in Egs. (20), numerically equivalent to that in Egs. (21),
is implemented as the compressible duct element (Table 1).

The use of the foregoing duct element for compressible flow
must be restricted to a small fraction of a wavelength to justify
its lumped-parameter form. It is recommended that use be
restricted to duct lengths that do not exceed one-tenth of a
wavelength over the frequency range of interest. The criterion
for length of a duct element is then

a
=<
101,

where f, is the highest frequency of interest in Hz, and a is the
effective acoustic speed given by Eq. (14) for a liquid or by Eq.
(19) for a gas. Reference 6 contains a detailed analysis of

(22
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a) 1 Inlet, 2 Qutlets

i

¢) Combinations:

1 Inlet, 3 Outlets

|

!

various modeling forms for uniform ducts and the resulting
errors in various frequency response functions from an exact
modeling. The form used here is chosen because of the ease of
physical interpretation, even though other forms can handle
larger fractions of a wavelength.

Junction Element

The junction element is an idealized joiner of three flow
streams. The element is assumed to have zero length and is
devoid of pressure loss, inertance, and compliance. The first
possibility is one inlet denoted by i and two outlet nodes
denoted by j and k, as depicted by the schematic of Fig. 3a.
Alternatively, there may be two inlet nodes j and &k and one
outlet node i as shown in Fig. 3b. The condition that the
perturbation pressure is the same at all three nodes yields

D =Dj =Dk (23)

The incompressibility condition yields
w; = W; + Wy (24)

The form of these equations used for the system equations
is shown in Table 1.

Any junction involving more than three flows can be repre-
sented by cascading multiple junction elements, as shown in
Fig. 3c. For one inlet, each outlet beyond two requires an
additional junction. Also, multiple inputs and a single output
are created by simply reversing the directions of the flows.

Bellows Element

An axially compliant bellows device is often used in feed-
lines to facilitate relative structural motions. This is typically
accomplished with a bellows device whose length is of the
order of one diameter of the duct. A schematic of such a
device is shown in Table 1. For modeling purposes, it is
assumed that the discontinuity in pipe displacement across the
bellows occurs in a vanishingly short distance in the flow
direction. Fluid inertance, resistance, and compliance effects
in the physical bellows are accounted for in the adjacent
elements.

3 Inlets, 1 Outlet

b) 2 Inlets, 1 Outlet

2 Inlets, 2 Outlets

! oot

!

Fig. 3 Junction element schematic and combinations.

The equaﬁons describing the sudden discontinuity in axial
pipe motion are

b =Dj (253)

w; + prN' 7= w; + prN' i'j (25b)
Equation (25b) expresses the continuity in absolute weight
displacement of the fluid across the bellows element. See
Table 1 for the model of an idealized bellows element.

Accumulator Element

An accumulator is a type of a device commonly used to
suppress Pogo instability. It contains a volume of gas that acts
as a soft volumetric spring, intended to shift hydraulic fre-
quencies so as to reduce the dynamic coupling between the
propulsion system and vehicle structural modes of vibration.
Either the gas can be in direct contact with the propellant
(particularly true for cryogenic propellants), or it can be con-
tained within a bladder or bellows that provides low stiffness
compared with that of the enclosed gas. A number of accumu-
lator types are depicted in Ref. 1.

A schematic representation of an accumulator as a branch
device from a flow duct is shown in Table 1. The inlet node of
the accumulator is denoted /. The path to the gas volume is
taken to be incompressible. The node j is at the center of the
fluid-gas interface surface. (Note that if the accumulator is
axially symmetric about the flow duct, the node j will be
located on the duct centerline.) Any bladder or bellows sur-
rounding the gas is assumed to have zero mass. If this is not
true, such mass can be accounted for by adding an equivalent
inertance to the path from 7 to j. From Eq. (9)

p,-—pj=RW,~+IW,-+pI_{-'7" (26)

where the head vector H originates at the center of the duct (to
be consistent with treatment of head along the duct) and 7 is
the accumulator housing acceleration.

The gas pressure p; is related to gas volume change, which is
dictated by the inlet relative weight displacement w; of liquid.
From the relationship in Eq. (11b),

p; = Kw; 27
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where K is the gas stiffness given by Eq. (17). If the gas is
contained within a bellows or bladder that has nonnegligible
stiffness, that stiffness must be included within the parameter
K. Combining Eqgs. (26) and (27), the final result is written as

p,-—(I_Wi+RW,<+Kw,-)—pI:I'§ =0 28)

It is often necessary to express the mean volume of the gas V;
in terms of the conditions under which the gas originally was
placed into the accumulator (called precharge). Let P,, V,,
and T, be the precharge pressure, volume, and absolute tem-
perature, and let T, be the operating temperature of the gas.
Perfect gas behavior requires that

PO V0 — PSI/S (29)
TO TS
and K can then be written in the useful form
1 P2 T,
K=—=—Ys_"° (30)
C PV, T

Tank Outlet Element

As mentioned in Sec. I, one of the constraint conditions for
the structural modes is closure of the main propellant tanks.
As depicted in Table 1, the dotted interface at a tank outlet
indicates the position of such a closure denoted by i. The tank
outlet element describes the relationship of the perturbational
pressure at point i to the acceleration of the structural modes,
as well as the effect of perturbational flow from the tank
(derived in Ref. 6):

Di =Y Buiin — RW; — I; 3D
n

The first term on the right is the contribution of the structural
modes in the absence of relative flow, where 3,; is the modal
tank-outlet pressure per unit acceleration of the nth mode §,,.
The second term, involving the resistance R, reflects the lin-
earization of frictional and velocity head effects in the steady
flow from the tank interior to the point i as described by Eq.
(10). The inertance 7 in the last term should be viewed as the
ratio of perturbational pressure to weight acceleration (into
the tank) that would exist if a piston were oscillating at node
i and steady flow were absent. The calculation of 7 would use
the integral expression stated for Eq. (9). The result in Eq. (31)
is a generalization of Eq. (A-23) in Appendix A of Ref. 6
because there the flow resistance was neglected.

Pump Element

Modeling of a pump (Table 1) can be subdivided into two
parts. The first deals with the bubbly (cavitating) flow region
in the inducer (leading portion of the blading) as discussed in
Ref. 7. The second part describes the subsequent incompress-
ible flow to the outlet (pump discharge) and involves lineariza-
tion of certain performance characteristics.

The production of cavitation bubbles has two effects de-
scribed by the following equation:

W, — W; = Cyp; + aw; (32)

where C,, is called the “‘cavitation compliance’’ and « is called
the ‘“mass flow gain factor.’”” The compliance term stems
from the volumetric perturbation of the bubbles owing to inlet
pressure perturbation, an effect long recognized as crucial to
the modeling of Pogo.! The coefficient « (corresponds to the
factor M in Ref. 7), inferred on the basis of experimental
transfer function data for a cavitating inducer, stems from an
assumed proportionality between the angle-of-attack pertur-
bation at the inducer inlet and the perturbation in rate of
production of bubbles.

The description of the incompressible flow beyond the bub-
bly region can be written

pi—p;=Di; + pH-F — Ap 33

where the first two right-hand terms characterize fluid inertia
effects just as in Eq. (9). The term Ap is visualized as the result
of linearization of two nonlinear steady-state pump perfor-
mance characteristics, namely, head rise vs inlet pressure at
constant flow and head rise vs flow at constant inlet pres-
sure.l? These linearizations yield

Ap = mp; — R,w; (34)
where

a(Ps' — Ps')
=—% "% and -R
m 3Ps,- an P

_ 3Py — Py)
W,
where P;; and Py are the steady inlet and outlet (suction and

discharge) pressures. The combination of Eqs. (32-34) vields
the pair of equations for a pump in the following form:

Py = (m + Op; — Ryw; — Ivi; — pH - (352)
pi = Ky(w; — w)) ~ aKpw; (35b)

where K, = 1/Cj. It should be pointed out that the guantity
m + 1, often called ‘“‘pump gain,”’ should ideally be obtained
experimentally from perturbational oscillation test data rather
than from the slope of the steady-state head rise vs inlet
pressure. Limited data suggest that the latter basis may be
unreliable.

Thrust Chamber Element

The thrust chamber element (Table 1) includes the oxidizer
and fuel injector orifices, treated as equivalent incompressible
ducts, as well as the combustion chamber itself. The fluids
upstream of the orifices are typically treated as compressible
duct elements, such as an injector cavity (manifold) or regen-
erative cooling tubes.

Under steady flow conditions the chamber pressure P, is
proportional to the sum of the weight flows of the oxidizer
and fuel

c* . .
P, =Z:§(Wso + W) | (36)

The C* is primarily a function of the mixture ratio MR, which
is defined as the ratio of the steady oxidizer and fuel weight
flows:

MR =% (37

The thrust chamber element describes the oxidizer and fuel
flow perturbation w, and w, through the injector orifices and
their transition into chamber pressure perturbation. The com-
bustion relationship employed is identical, except for nota-
tional differences, to that first derived in Ref. 2:

Tcpc +De = Rcowo + Rchf (38)

These resistance-like coefficients are derived from a lineariza-
tion of the characteristic velocity C* vs mixture ratio charac-
teristic at the steady operating point of the combustion pro-
cess, namely,

Ry = [CF + (1 + MR)OI(ACH/AMR)A, g (39a)

Ry =[CF — MR, (1 + MR)I(ACS/dMR)A 8 (39b)
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where C* and MR; are the characteristic velocity and mixture
ratio for the steady condition being perturbed.

The combustion time lag 7, results from a low-frequency -

approximation of the time required for the perturbation of
incoming flows to produce a perturbation in chamber pres-
sure. A more precise description involves an individual delay
time 7, for each propellant that accounts for its flight within
the chamber and its vaporization and a residence time
7,(common to both propellants) that accounts for mixing and
reaction before expulsion from the chamber.? This viewpoint
yields the combustion relationship

TPc(t) + Pc(t) = RooWo(f — Tao) + RyyWelt — 749)  (40)
When the times 74, and 74 are not too different, and also when
the sum of 7, and the average delay time 7, is less than
one-tenth of the period of the highest frequency structural
mode that may be significant for Pogo stability, the simple
time lag representation of Eq. (38) is justified, where
Te = T, + (740 + 747)/2. If this is not justified, Eq. (40) can be
transformed to the Laplace domain and converted into a
suitable approximation that is valid over the frequency range
of interest. An example of this i 1s contained in Appendix D of
Ref. 9.

Oxidizer and fuel flow entering the chamber emanate from
their injector orifices, described by their resistance and iner-
tance. The pressure drops across the orifices are included in
the thrust chamber element. From Egs. (1) or (9),

Dinjo — Pc = Rinjowo + Iinjowo (413)
Dinif — Dc = Rinifwf + Iinifwf (4lb)

where the subscripts injo and injf denote oxidizer and fuel
injector orifice quantities, respectively.

For diagnostic and program checkout purposes, it is useful
to designate the oxidizer and fuel flow contributions to the
chamber pressure separately, replacing Eq. (38) by

De =Dco + Def (423-)
TeDeo + Peo = ReoW, (42b)
Tcpcf + Dy = Rcfwf (42¢)

It is then possible to use a parameter 7 to achieve a decoupling
of the oxidizer and fuel interactions through chamber pres-
sure, namely, Eqs. (41) are rewritten as

pinjov —Pco — MW = Rinjo w, + Iinjowo (43a)
Dinif — Pef — WPco = RinisWr + LinjsWr (43b)

When 5 = 1, the proper interaction occurs in the combustion
chamber, whereas n = 0 produces decoupling by selective re-
moval of the other propellant flow into the chamber.

See Table 1 for the thrust chamber element. The subscripts
i, j, k, £, and m appear with the following relation to those
used in the foregoing equations: i/ and j are used for the
oxidizer and fuel injector quantities (that is, injo—i and
injf—j), and the chamber pressures p., p.,, and p. are re-
placed by pi, pr, and p,,, respectively.

At times the effect of only one propellant is modeled. It is
then adequate to retain one injector node (say /) and node k,
and the equations reduce to the two shown in Table 1 for this
case.

III. Structural System

The vehicle structural system is defined to include the hy-
droelastic dynamic behavior of the main propellant tanks with
a boundary condition of zero outflow and to include the
inertial effect of ‘‘frozen in place’’ propellant in feedlines and

engine components. Free-free, real normal modes of vibration
are determined in a separate computer program, possibly fol-
lowed by a selection process to identify the modes most signif-
icant for Pogo coupling. The modes are then input to the Pogo
program.

Equations of Motion
A physical displacement vector at point i on the structure at
time ¢, 7;(¢), is expressed in terms of a summation of contribu-
tions 7y; (¢) from the individual structural modes whose num-
ber is _designated Ny
Nu _
B0 = El Fai(®)y  Fui(8) = $nidn () (44)
n= .
and where ¢, is the vector mode shape at point i, and g, (¢) is
the modal displacement (often referred to as generalized dis-
placement) at time ¢, all written for mode n. The equation of
motion for mode n is written as

My [G(8) + 285 0ndn () + i@ (D] = Qn (£)e” (45

where w,, {, and M, are the modal circular natural frequency,
fraction of critical damping, and mass, and @ is a phase shift
imposed on all of the structural modes. This phase shift is used
to implement a phase shift stability criterion as defined in Ref.
1. The modal force at time ¢, Q,(¢) (often referred to as
generalized force), results from a summation of contributions
from all of the elements of the propulsion system:

0.0=X Qi) =L F(®) - (46)

where F;(¢) is the vector force at time ¢ produced by the ith

element and ¢,; is the vector modal deflection of the ith

element. The forces F; are due to fluid flow, combustion, and

removal of fictitious forces developed because of the con--
straint that fluids are frozen to their container for determina-

tion of the structural modes. All of these forces are derived in

the next section.

Forces Produced by Propulsion Elements

With the exception of the junction and bellows elements,
flow perturbations result in forces acting on the structural
system. These forces are now identified.

Incompressible Duct Element

Consider the incompressible flow of fluid through the
curved, nonuniform area duct depicted in Table 1 for the
incompressible duct. The pressure and flow are taken as uni-
form over each cross section. The basis for the derivation of
forces is the vector translational momentum equation for an
accelerating volume of fluid.!° The integrated external force
F, acting on the surface of the fluid volume can be written

LN S pU(U - da) 47)
dz A

In other words, the resultant vector force equals the rate of
change of the vector momentum / of the fluid within the
volume plus the net outflow of vector momentum from the
volume (expressed by an integral over the entire surface area
of the fluid). The quantities U and U are the total (steady plus
perturbation) fluid particle velocities in an absolute frame of
reference and in a frame relative to the moving rigid duct,
respectively. The quantity d4 is an elemental surface area
vectored along an outward normal to the fluid surface.
The contained fluid momentum for the duct in Fig. 2 is

L
= S pA U, (1) d¢ (48)
0
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where f./,, () is the average absolute velocity over the cross-sec-
tional area A4 (f) at position £. The velocity of the fluid relative

to the duct is

U@="U,0-7= N(©) (49)

pwA®)

where 7 is the vector translational velocxty of the rigid duct
wall, W is the total relative weight flow (steady part W, plus
perturbation w), and N(f) is a unit vector in the flow direction
at {. Using Eqgs. (48) and (49), the momentum vector can then
be written as

W .
m == H o+ mt (50)

where m; is the mass of contained fluid, and F, as before, is
the head vector from the center of the inlet cross section to the
center of the outlet cross section. Since the duct wall is limited
to translation, A is constant and therefore

& §H+ mgi 1)

The first term accounts for accelerating flow relative to the
duct (perturbational flow only since there is no acceleration of
the relative steady flow) and the second for the inertia effect of
the fluid if frozen to the duct wall.

The result of the application of the momentum outflow
integral in Eq. (47) to the duct is a contribution at the inlet and
one at the outlet. The inlet contribution to outflow is written

as
W W
o g+ 7)(— A,~>
(pri ! pwA;

where the first expression in parentheses is the absolute veloc-
ity U, using Eq. (49), followed in the second expression in
parentheses by the replacement of U - d4 in terms of relative
weight flow with the negative sign indicating inflow (negative
outflow). Similarly, the contribution at the outlet is

wo_ /4
() (22 )
(prj ! prj ’
The net result is

P W2\(N;, N,
L PUa(U-dd) = (ng><z ‘A>

Retaining only first-order perturbations,

2Ww(N;, N
L pU(U - d2) = _</T - ;) (2)

Inserting Eqs. (51) and (52) into Eq. (47), the net force pertur-
bation on the fluid surface Fy is

E=Yaim +2WW<N 11) (53)
S 7 pug \4; A

This force must also equal the pressure-area forces on the two
end cross sections of the fluid plus the force that the duct wall
imparts to the fluid (negative of the force F that the fluid
imparts to the duct). Therefore, )

F; = piAiN; - pA;N; - F
yielding, with the removal of the mgF term,

_ _ . w._ 2Ww(N, N
F=p,A;N; — p;A; -———H+——-——-<———’> 54
Pilili m PN Ty pwg \Ai A ©4)

An myF term has been eliminated since the inertial effect of the
frozen-in-place fluid has already been taken into account in

* the structural system modeling.

For the special case of a uniform, straight duct
(4;=A;=A, N;=N;=N, H=LN), the force on the duct is

F= [(p,- - pA - wﬂN

Inserting the expression for p; — p; from Eq. (6) and replacing
I'by L/Ag, we obtain :

F=WwARN + m;( - )N (55)

The first term is the contribution of friction, and the second
term negates the inertial force in the direction of flow for the
frozen-in-place fluid assumed for the structural modes. These
are intuitively reasonable results.

Compressible Duct Element

The force acting on the structural system due to flow in a
compressible duct element (Table 1) results from the applica-
tion of Eq. (54) to the two incompressible end portions of the
model. Since the area is constant, A; = A;, and letting N, be
the unit vector in the flow direction at the mldpomt m, the net
force on the duct wall is

2W;
pngi

F=p,A;N; ~ p;AN; ~ —H - ;H + [(N; = Np)w;

+ (N — Nj)w;] (56
Note that for the special case of a local compliance a special

case as discussed following Eqs. (21), there is no resultant
force since p; = p;, N; =N; = Nyp,and H; = H; =0.

" Accumulator Element

For the accumulator element (Table 1), the force is that due
to the incompressible flow from the center of the duct that
feeds the accumulator to the center of the liquid/gas interface
at node j. From Eq. (54), using the stiffness relationship of
Eq. (27) to eliminate p;, and noting that there is no steady flow
so that W, =0, '

F=p,-A,-]V,— — W,AJKIVJ - %)!H (57)

Tank Qutlet Element

As derived in Ref. 6, the effective modal force acting on the
nth structural mode, due to tank outlet conditions at node i,
is

O = Wip—m = DiAiN; - & (58)
w

where, as defined in connection with Eq. (31), 8,; is the tank-
outlet modal pressure per unit modal acceleration, ¢,; is the
vector modal deflection, and N; is the unit vector in the flow
direction (Table 1). The first term accounts for the effect of
the perturbation of flow from the tank and the second ferm
for the removal of the fictitious pressure-area force acting on
the structural system when the tank outlet was closed for the
purpose of determining the structural modes.

Multiple outlets from the same tank are treated separately,
and Eq. (58) applies to each outlet.

Pump Element

The structural force due to a pump results only from the
incompressible flow downstream of the inlet cavitation region.
Thus Eq. (54) applies with w replaced by w;, namely,

_ - o Wiz 2Wwi(N;, N;
F=pA:N, —pAN;, - —<LH+—- _’___!> 59
Pl = PidiR =g Pwg (Ai a) &
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Thrust Chamber Element

As is the usual practice, the thrust produced by a combus-
tion chamber and nozzle is written as the product of the nozzle
throat area A4,, the thrust coefficient Cy, and the chamber
pressure p.. Thus the vector thrust force perturbation is given
by

F=—ACpN; (60)
The thrust acts along the centerline of the nozzle that may be
canted off the vehicle axial direction, described by the unit
vector N in the steady flow direction (Table 1). Since the
thrust force on the vehicle is opposite to the direction of
exhaust flow, the minus sign appears.

IV. System Formulation and Solution
Formulation

The aggregate of the equations for the propulsion elements
and for each structural mode automatically yields a number of
equations equal to the number of state variables. These state
variables, contained within the state vector {v}, include 1)
two variables, the pressure p and relative weight displacement
w, at each node of the propulsion system other than a thrust
chamber pressure node, but including each injector orifice
inlet node (number of propulsion nodes Ny), and 2) three
variables for each thrust chamber (number N() that are the
chamber pressure and its separation into oxidizer and fuel
pressure contributions. Also included is'a modal displacement
g associated with each mode of the structural system (number
Nup). Thus, if N is the total number of state variables,

Ng =2Nn +3Nc + Ny 61)
In the case of the chambers modeled for only one propellant,
the coefficient of N is unity.
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The equations for each type of propulsion element and for
a structural mode are summarized in Table 1. It can be seen
that, in terms of numbers of the various elements, the number
of equations can also be written as

Ny =(NM+NT+NA)+2(NID +ND + Np +Np)

+ 3N, + SN¢ (62)
where the coefficients of the various N are the number of
equations required. Again, for one-propellant thrust cham-
bers the coefficient of N is 2. Using the element designator
letters shown in Table 1, the subscripts on N denote the
following element types:

A = accumulator

B = bellows
C =thrust chamber
D =duct

ID = incompressible duct

J = junction

M = structural mode

N = propulsion node (chamber pressure nodes excluded)

P =pump

T =tank
To exemplify the complexity of a representative system, Fig. 4
contains a schematic diagram for the analysis of the Atlas II
vehicle. The model contains 63 elements and 140 equations
and involves S selected structural modes.

The set of equations for the system (order Ns) is cast into
the following second-order matrix form:

MI{(V(®)} + [B](W1)} + [KT{v()} =0 (63)

All three coefficient matrices [M], [B], and [K] are square of
order N, are sparse, and contain complex-valued coeffi-
cients. [The only complex-valued elements are those due to the
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Fig. 4 Adtlas II propulsion schematic diagram.
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Fig. 5 Sample Pogo eigenvector.

phase shift in Eq. (45).] Drawing from the terminology of
structural dynamics, they are termed system mass, damping,
and stiffness matrices, respectively. None of these matrices
exhibit symmetry or triangularity. All three coefficient ma-
trices are singular in that each has some null rows.

A Pogo computer program has been written to handle all
element equations implicitly, by placing coefficients of the
individual scalar equations into appropriate locations within
the [M], [B], and [K] matrices directly from the input element
list. Internal logic dictates assembly of the matrices from
supplied nodal information. Model elements can be specified
in arbitrary order.

Eigensolutions
To solve for the natural modes of oscillation of the system,

Eq. (63) is Laplace transformed into

(s*[M] +s[B] + [KD{v(s)} =0 (64)

Next, Eq. (64) is reformulated into a general first-order
complex eigenproblem!!:

A1ty ()} =sIPHy ()} (65)

where {y(s)} is the 2N;-order state vector, defined as

)] _ (v
ven={o}= () ©0

and [4] and [P] are square matrices of order 2Ny each:

o I I O
[A1=[_K _B], [P1=[ ] )

o M
where I and O are the unit and null matrices of order Ng,
respectively.

Equation (65) is solved using the ‘‘LZ’’ algorithm that
closely resembles the well-known ““QZ”’ algorithm,'?!3 suit-
able for singular and complex M, B, and K. The algorithm
code was obtained from Ref. 14 and was adapted for use in the
Pogo program. This is a major improvement over a previously
used eigensolver that required invertibility of the mass matrix,
necessitating elimination of redundant state variables by a
cumbersome and error-prone process.

The eigensolution includes 2N eigenmodes, most of which
are described by a complex eigenvalue § (the tilde indicates a
system characteristic), expressed in real and imaginary parts by

§=5=xi0 (68)

and corresponding eigenvector {7}, the transpose of {V, §V}.
Complex-valued § and associated {y} are nonredundant.
However, when the phase angle # [Eq. (45)] is O, the A and B
matrices are real and then complex-valued § and associated
{7} occur in complex-conjugate pairs. So a nonredundant
description of a complex-conjugate eigenmode pair is con-
tained within one § and its corresponding {V} or {§V } of order
Nj. The solution also includes some real-valued eigenvalues
and associated real-valued eigenvectors, which represent
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nonoscillatory modes not of interest for assessment of possible
Pogo instability. The elements of each eigenvector are normal-
ized so that the element having the largest magnitude is unity.

Each complex eigenvalue § can be re-expressed in the form
of an undamped natural frequency & and an associated frac-
tion of critical damping ¢

s=-Toxil-Pa ©)
where
&= 15l
= —-'R~e(s”)
§l

Oscillation of the system in one of its eigenmodes (natural
modes of oscillation) is of the form

{7(1)} =Re{#(5)}e”
. oy (70
= e ~ToRe{ ¥(s)e’ - P a1}

where Re denotes the real part.

Instability, namely, growth of the amplitude of natural
oscillations in time, occurs in a mode when its {<0. The
amplitude and phase relationship of the state variables,
whether the mode is stable or not, is given by the eigenvector
V(§) or §V(§), which contains complex relative amplitudes of
the state variables in that eigenmode. The ratio of the complex
amplitudes of any two state variables provides the ratio of
their real amplitudes and their relative phase. Under stable
conditions, naturally occurring random oscillations of a
launch vehicle provide a basis for experimental observation of
frequency and associated amplitude/phase relationships
among state variables in a system eigenmode. Assuming that
the amplitudes are within the linear range, the observations
are directly relatable to analytically predicted & and v($).1-1°
The damping ¢, unfortunately, has not been detected experi-
mentally with confidence from the random oscillations be-
cause the oscillations are not stationary enough given the
continuously changing dynamic characteristics of the vehicle.

Sample results for a complex eigenvector are plotted for
pressures and weight flow rates on Fig. 5. The numbers below
the abscissa are node numbers. The magnitude is shown by a
continuous line and the phase angle by dots. Modal displace-
ments of the structural modes are tabulated. Figure 6 illus-
trates two plots of a system’s complex eigenvalues at a partic-
ular time of flight, in terms of real & and imaginary { parts in
Fig. 6a and in terms of fraction of critical damping ¥ and
natural frequency & in Fig. 6b.

An automatic check of the eigensolution accuracy is per-
formed by substituting each eigenvalue and corresponding
eigenvector back into Eq. (64). For the kth eigenmode, the
residual error vector {} is defined as

GZIM] + 5 [B] + [KD (¥, } = (&} V (71)
with normalization as follows:

lég oo
T (5 1M N, + 18, HB  + 1K)

€ (72)

where the norms are defined as
"gk "m = max lgik ]
i
1M, = max Y 1my!
i

similarly for B and K, and where { indicates the index of state
variables.
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Fig. 6 Complex eigenvalues.

The latter matrix norms are one of three possibilities as
presented in Ref. 16 (Sec. 2.2), any one of which would have
provided an acceptable basis for monitoring computing accu-
racy. Computational experience thus far has yielded residuals
below 1072 on the VAX computer in double precision, 10~ 1!
on the CRAY in single precision, and 10~!! on the PC 386/387
in double precision.

V. Summary

An advanced method for modeling the coupled propulsion/
structure system for Pogo stability analysis of liquid rockets is
presented. The method has been implemented as a generai-
purpose computer program. The input includes three-dimen-
sional vehicle structural modes developed in a separate analy-
sis and the parameters needed to describe the propulsion
system finite elements. The program computes eigenvalues
(stability roots) and eigenvectors (complex mode shapes in the
form of pressures, flows, and structural mode displacements)
and provides extensive graphics. The powerful eigensolver
utilized permits the direct solution of the system equations
assembled into a second-order form, even though all coeffi-
cient matrices are singular. The propulsion elements represent
the pressure and flow perturbations in the presence of three-
dimensional translational oscillatory motions of the fluid ves-
sels. The elements include a compressible and incompressible
duct, a pump, a bellows, a flow junction, an accumulator, a
tank outlet, and a thrust chamber. The fluid forces acting on
the structural modes are derived rigorously, including pres-
sure-area, momentum change, and inertia forces. The inertia
forces account for the relaxation of the constraint used in the
structural analysis that the fluids are frozen to the vessel walls.
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